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Ea h point in th sqn 0,---, 1 lisin a stitly lowlvl of g anl a ity
than its pdsso, so

1 1
Sin thp ath tmin atd on it ahd ;,€{l,.,k},wh av ;1 &k,

whih implis

32
(B 1)ﬁlev(k 1)—2 g 1

sin 1 / Blev(k 1)

k 1

d(al)

Thom 1 follows immdi atly, by stting S 2 and applying Imm a 5. W
nxtonsid a va iant in whih « ishosn andomly fo a fixd v al of 3
This tik h as bnsd in shdling | 13] and, lat, in oth algoithms, and
wth ank aj v Motw ani fo s ggsting it tos

emma 10 Choose a ¢ BV that is, pick a real number uniformly at ran-
dom from [0,1] and then raise 5 to this power . For all k < n, the induced
k-clustering has expected cost at most % c Rpyq.

PROOF. S ppos k +1lisinlvl [;thn R/B"' > Ry > R/B. Wit
Rpp1 = R/BED4) whee [0, 1). Thiseisthf a tional pa t of

logg, R = logg gRQ = logg RR2 + logs a.
k+1 k+1 k+1
Sinlog 4« is distibtdnifomly ov [0, 1), so is €.
By Imm a9, th k-1sting h asost at most
B8
BT B-1 T B-1
This hasxptd v al
[ B 8
O/B_l'RkH de = m'Rk—l—l-

Choosing = e and applying Imm a 5 thn givs an ( xptd)  appoxim a-
tion fa toof 2 e =~ 5.44. Choosing § = 2 givs a fa toof abot 5.77.
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Fig. 9. (a) Data points on a line. (b) The k-clustering induced by a single-linkage
heuristic.

4 Worst-case performance of standard agglomerative clustering
heuristics

4.1 Single linkage

Singl -link agl sting h asaplom an atioof at 1 ast £ fointndi at

k-1stings, vn in th simpl as whn thd ata points li on a lin . This
pa til a kind of bad bh avio is known to statistii ans as chaining [8] (not
to bonfsd with th aformtionds of th s amtm in mpii al

poss thoy)

Considth st of points shown in Fig ~ 9(a). It thdist an btwn any
two adja nt points 7 and 74+ 1b 1 — je, fo somtiny ¢ > 0. Thn th
intrndi  at k-1sting fond by singl link ag is as shown in th bottom
half of th fig . Itonsists of onl a glstont aining n — k + 1 points,
and k£ — 1 singltonl sts . Th di am of th bigl st an bm ad
a bit a ilylos to n — k& by stting € sm allnogh . On thothh and, th
optimal k-1sting h  aslstsof di  ant at most [¢] —1, fov anishingly
small . Thfo th appoxim ation atio is at | ast k.

4.2 Awverage linkage

Th av aglink ag histi an  at intndi at k-1stings ofost
log k ting optim al. Fix any & whih is a powof two . O b ad xampl
in this as involvs points in  (log k)-dimmsion al spa nd an L; nti

Again wwill m aks of a tinyonst ant ¢ > 0.
e Foj =1,2,...,logk, d fin

Bj=(1—¢gj) {-1,+1} ={-(1 —¢&j), +(1 — &) }.

e [t S =B;xXByX---XBiggr b thst of vtis of a (log k)-dimmsion al
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Fig. 10. A two-dimensional bad case for average-linkage clustering. The optimal
4-clustering is shown, and has clusters of diameter ~ 2. Average-linkage will put the
central four points together; these have diameter = 4. By increasing the dimension
to logk, we find that average-linkage can return k-clusterings whose component
clusters have diameter log k times optimal.

cube whose side lengths are just slightly less than two.
e Arbitrarily label the points of S as zi,...,x;. Now define points S’ =
{z!,...,x}} as follows. For £ =1,2,... Kk,
- if z, has a positive first coordinate, then let zj, be identical to z,, but with
first coordinate +3 + £ - 2¢ log k;
- if z, has a negative first coordinate, then let zj, be identical to x,, but with
first coordinate —3 — ¢ - 2¢ log k.
e The data set so far consists of SUS’, a total of 2k points. Duplicate points
as necessary to get the count up to n. Figure 10 shows this data set for
k=4.

Lemma 11 For the data set just defined, under the L metric,
(1) The distance between any two distinct points of S’ is at least two.
(2) The distance from any point in S' to [—1,+1]'°8% is more than two.

(3) Any two points in S which disagree on the j coordinate have distance at
least 2(1 — ej) between them.

PROOF. (1) Pick distinct z}, z}, € S'. If z,, x; disagree on the first coordinate
then !,z differ by at least six on the first coordinate. If z,, x; differ on the
j™ coordinate, then z!,x} differ by at least 2¢logk on the first coordinate,

and by 2(1 — &j) on the j™ coordinate, giving a total of at least two.

(2) This can be seen by considering the first coordinate alone.
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The closest pairs of points (once duplicates get merged) are therefore those
pairs in S which disagree only on the last coordinate. The distance between
such pairs is 2(1 — elogk). They get merged, and in this way S is reduced to
just k/2 clusters, with means By X By X -+ X Bjog—1 X {0}. Continuing in
this way, eventually all the points in S get merged into one cluster centered
at the origin, while the points of S’ remain untouched. During this phase,
clusters getting merged always have means which are within distance two of
each other, and which lie in [—1, +1]\8%.

The k-clustering therefore includes a large cluster containing all of S. The
diameter of the cluster is at least the diameter of S, namely 2logk — ¢ logk —
elog® k.

There is a better k-clustering: {x, 2|}, {z2, 25}, ..., {zk, 2} }. These clusters
have diameter at most 2 4 2¢k logk + € log k. Letting € go to zero, we get an
approximation ratio of log k.

4.8  Complete linkage

In our counterexample for complete linkage, the data lie in R x R, and the
distance between two points (z,y) and (z',%’) is defined as

d((z,y), («",y) = 1z # 2') +1og,(1 + [y — ¢/]).

It can quickly be confirmed that this is a metric.

Assume k is a power of two for convenience. The data set consists of k clusters
Si1,Ss, ..., Sk, each with k points (points can be duplicated to get the total
up to n). Within each cluster, all points have the same y-coordinate, and have
z-coordinates (say) {1,2,...,k} (it doesn’t matter what they are, as long as
they are the same across clusters). Therefore the clusters all have diameter
one. The y-spacing between clusters is shown in Figure 11 for the case k£ = 4.
The y-distance between S; and S; 1 is 1 —e(log, k —¢q), where 29 is the largest
power of two dividing j (which might be 2° = 1).

This example is set up so that the k-clustering found by complete linkage will
have clusters which (each) touch every S;, and which therefore have diameter
log, k, as € goes to zero.
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Fig. 11. A bad case for complete-linkage clustering. The norm here is unusual; see
the definition. The optimal 4-clustering is shown in bold and the 4-clustering found
by complete-linkage is delineated by dots.

5 Practical issues and open questions

5.1 Small values of k

It is often sufficient to guarantee good k-clusterings just for small values of &,
say in the hundreds or so, or in some cases even smaller. Therefore it would
be quite heartening if it turned out that our (logk) lower bound on the
approximation ratio of average- and complete-linkage were actually an upper
bound as well. At present no nontrivial upper bounds are known.

5.2 Other cost functions

We could reasonably have chosen the cost function of k-median (average dis-
tance to nearest cluster center), but picked ours instead because it is easier
from a technical point of view. Plaxton has since obtained similar performance
guarantees for this other cost function [14]. Can the constants in either of these
analyses be improved?

5.3 FEfficiency

Can our algorithm, or any of the standard heuristics we have considered, be
implemented in o(n?) time for data sets of size n? Results of Borodin et al. [2]
and Thorup [16] offer some hope here. At the same time, results of Mettu [12]
indicate that at least for the k-median cost function, we cannot hope for a
subquadratic algorithm which guarantees a constant-factor approximation for
all k.
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5.4 Hill Climbing

Is there a simple procedure for hill climbing the space of hierarchical clusterings
with respect to our cost function? This would be a useful postprocessing step
to improve the quality of the solutions we obtain.

Acknowledgements

The authors thank Rajeev Motwani, Werner Stuetzle, and the anonymous
reviewers for their help.

References

[1]

[4]

V. Arya, N. Garg, V. Khandekar, V. Pandit, A. Meyerson, and K. Munagala.
Local search heuristics for k-median and facility location problems. Proceedings
of the 33rd ACM Symposium on the Theory of Computing, 2001.

A. Borodin, R. Ostrovsky, and Y. Rabani. Subquadratic approximation
algorithms for clustering problems in high dimensional spaces. Proceedings of
the 31st ACM Symposium on the Theory of Computing, 1999.

M. Charikar, C. Chekuri, T. Feder, and R. Motwani. Incremental clustering
and dynamic information retrieval. Proceedings of the 29th ACM Symposium
on the Theory of Computing, 1997.

S. Dasgupta and L. J. Schulman. A two-round variant of em for gaussian
mixtures. Proceedings of the 16th Conference on Uncertainty in Artificial
Intelligence, 2000.

M. B. Eisen, P. T. Spellman, P. O. Brown, and D. Botstein. Cluster analysis
and display of genome-wide expression patterns. Proceedings of the National
Academy of Sciences, 95:14863—-14868, 1998.

T. Feder and D. Greene. Optimal algorithms for approximate clustering.
Proceedings of the 20th ACM Symposium on the Theory of Computing, 1988.

T. F. Gonzéalez. Clustering to minimize the maximum intercluster distance.

Theoretical Computer Science, 38:293-306, 1985.

J. A. Hartigan. Statistical theory in clustering. Journal of Classification, (2):63—
76, 1985.

D. Hochbaum and D. Shmoys. A best possible heuristic for the k-center
problem. Mathematics of Operations Research, 10(2):180-184, 1985.

17



[10] M. J. Kearns, Y. Mansour, and A. Ng. An information-theoretic analysis of hard
and soft assignment methods for clustering. Proceedings of the 13th Conference
on Uncertainty in Artificial Intelligence, 1997.

[11] P. M. Long. The complexity of learning according to two models of a drifting
environment. Machine Learning, 37(3):337-354, 1999.

[12] R. R. Mettu. Approzimation Algorithms for NP-Hard Clustering Problems.
PhD thesis, Department of Computer Science, University of Texas at Austin,
August 2002.

[13] R. Motwani, S. Phillips, and E. Torng. Non-clairvoyant scheduling. Theoretical
Computer Science, 130:17-47, 1994.

[14] G. Plaxton. Approximation algorithms for hierarchical location problems.
Proceedings of the 35th ACM Symposium on the Theory of Computing, 2003.

[15] D. Pollard. Convergence of stochastic processes. Springer, 1984.

[16] M. Thorup. Quick k-median, k-center, and facility location for sparse graphs.
International Colloguium on Automata, Languages, and Programming, 2001.

18



